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In physical systems, state changes are often not smooth:
as energy increases, matter can suddenly shift from solid →  liquid →  gas.
We ask whether LLM  logical reasoning shows a similar pattern.

LLM  reasoning accuracy remains stable at 
low LoCM , drops sharply in transition 
intervals, then re-stabilizes at a lower level.

Measuring Complexity and Revealing Collapse

𝐿o𝐶𝑀 𝜙 = 𝑓 (
!∈𝒪

𝜔 𝑜 𝑓𝑟𝑒𝑞 𝑜, 𝜙 + 𝛾ℎ

Logical Complexity Metric

Stage 2: Complexity-Aware 
Curriculum Optimization

Expose the model to higher 
complexity at the right time.

LoCM  provides a ruler for 
measuring the structural 
complexity of logical reasoning.

Neuro-Symbolic Curriculum Tuning(NSCT) Stage 1: Neuro-Symbolic 
Alignment

Experimental Findings

Finding 1: LPTs universally occur
across models.

Finding 2: NSCT improves model’s logical 
reasoning across benchmarks

Finding 3: NSCT generalizes to inference
-time strategies
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Align natural-language semantics 
with formal logical structure.

NSCT trains with the phase 
boundary to mitigate 
reasoning collapse.

Table 2: Performance comparison relative to Original. Green = improvement; Red = degradation; Bold = best.

Method Dataset Original ProntoQA-tuned ProofWriter-tuned FOLIO-tuned ProverQA-tuned ω→ (Ours)

Naive

ProntoQA 55.20 55.40 (+0.20) 55.40 (+0.20) 56.20 (+1.00) 54.80 (-0.40) 56.80 (+1.60)
ProofWriter 44.16 44.00 (-0.16) 44.33 (+0.17) 43.80 (-0.36) 44.30 (+0.14) 44.66 (+0.50)
FOLIO 60.78 59.80 (-0.98) 59.80 (-0.98) 61.27 (+0.49) 59.80 (-0.98) 62.25 (+1.47)
ProverQA 54.13 54.07 (-0.06) 53.20 (-0.93) 53.80 (-0.33) 54.73 (+0.60) 55.47 (+1.34)
NSA-LR 49.55 49.09 (-0.46) 49.54 (-0.01) 49.09 (-0.46) 50.45 (+0.90) 50.91 (+1.36)

Naive Ave 52.76 52.47 (-0.29) 52.45 (-0.31) 52.83 (+0.07) 52.82 (+0.06) 54.02 (+1.26)

CoT

ProntoQA 67.60 69.40 (+1.80) 70.60 (+3.00) 71.40 (+3.80) 71.20 (+3.60) 72.00 (+4.40)
ProofWriter 55.16 54.33 (-0.83) 54.00 (-1.16) 56.33 (+1.17) 53.50 (-1.66) 60.71 (+5.55)
FOLIO 66.17 65.68 (-0.49) 63.23 (-2.94) 63.72 (-2.45) 66.67 (+0.50) 65.20 (-0.97)

ProverQA 60.70 55.70 (-5.00) 60.80 (+0.10) 60.70 (-0.00) 61.50 (+0.80) 64.20 (+3.50)
NSA-LR 57.70 58.20 (+0.50) 54.70 (-3.00) 58.63 (+0.93) 59.62 (+1.92) 65.00 (+7.30)

CoT Ave 61.47 60.66 (-0.81) 60.67 (-0.80) 62.16 (+0.69) 62.50 (+1.03) 65.42 (+3.95)

Table 3: Comparison with recent training-free reasoning
methods on NSA-LR.

Method Low Medium High Overall

Naïve 60.6 49.8 38.6 49.6
+ NSCT 60.9 (+0.3) 50.2 (+0.4) 41.6 (+3.0) 50.9 (+1.3)

CoT 75.5 58.4 39.4 57.7
+ NSCT 84.0 (+8.5) 64.2 (+5.8) 46.8 (+7.4) 65.0 (+7.3)

ToT 82.0 64.8 42.4 63.2
+ NSCT 88.6 (+6.6) 68.3 (+3.5) 48.5 (+6.1) 68.4 (+5.2)

DetermLR 84.0 63.9 43.8 63.9
+ NSCT 87.5 (+3.5) 67.9 (+4.0) 49.2 (+5.4) 68.2 (+4.3)

SymbCoT 83.8 63.7 46.9 64.8
+ NSCT 89.2 (+5.4) 68.5 (+4.8) 50.5 (+3.6) 69.5 (+4.7)

and He, 2022) (5-hop subset), ProofWriter (Tafjord
et al., 2020) (depth-5, OWA setting), FOLIO (Han
et al., 2022) (full expert-curated split), and
ProverQA (Qi et al., 2025) (1500 examples in total,
1–9 reasoning steps). Detailed benchmark descrip-
tions are provided in Appendix B.1.
Baselines. We evaluate six model variants built
upon Qwen2.5–7B: (1) the original model (Orig.),
(2) a model fine-tuned on ProntoQA data, (3) a
model fine-tuned on ProofWriter data, (4) a model
fine-tuned on FOLIO data, (5) a model fine-tuned
on ProverQA data, and (6) our multi-stage fine-
tuned model (ω→). For each model variant, we com-
pare two prompting baselines: Naive Prompting
and Chain-of-Thought (CoT) (Wei et al., 2022).

4.2 Evaluation Results
Tables 2 and 3 report the evaluation results, from
which we draw three main observations.
(1) Our method outperforms alternative fine-
tuning strategies. Under Naive prompting, ω→ is

the only variant that improves over the Original
model, achieving the best score on every evaluated
dataset with an average gain of (+1.26). In contrast,
single-dataset fine-tuning yields only marginal im-
provements or even degradation, indicating that
LoCM-guided multi-stage training is more effec-
tive at mitigating reasoning collapse. Under CoT
prompting, despite increased reasoning difficulty,
ω
→ again achieves the highest average performance

(+3.95) among all variants. While other methods
exhibit mixed gains or notable drops on specific
datasets, ω→ consistently attains the best or near-
best results.

(2) Our method on NSA-LR generalizes to het-
erogeneous reasoning datasets. Our model ω→,
trained via Neuro-Symbolic Curriculum Tuning on
the NSA-LR dataset, achieves strong performance
on ProntoQA, ProofWriter, FOLIO, and ProverQA,
consistently ranking among the top results. In
contrast, alternative fine-tuning methods that are
optimized on individual datasets exhibit limited
gains on their training datasets and often suffer no-
ticeable performance degradation when evaluated
on other reasoning datasets, failing to generalize
across heterogeneous tasks. These results indicate
that curriculum tuning guided by neuro-symbolic
alignment captures transferable reasoning structure,
enabling performance improvements that extend
beyond the training dataset to diverse logical forms
and complexity regimes. One exception is FOLIO
under CoT prompting, where the improvement is
not maintained; we provide further analysis in Ap-
pendix C.x.

(3) Our method consistently enhances diverse
inference-time reasoning strategies. As shown

Table 2: Performance comparison relative to Original. Green = improvement; Red = degradation; Bold = best.

Method Dataset Original ProntoQA-tuned ProofWriter-tuned FOLIO-tuned ProverQA-tuned ω→ (Ours)

Naive

ProntoQA 55.20 55.40 (+0.20) 55.40 (+0.20) 56.20 (+1.00) 54.80 (-0.40) 56.80 (+1.60)
ProofWriter 44.16 44.00 (-0.16) 44.33 (+0.17) 43.80 (-0.36) 44.30 (+0.14) 44.66 (+0.50)
FOLIO 60.78 59.80 (-0.98) 59.80 (-0.98) 61.27 (+0.49) 59.80 (-0.98) 62.25 (+1.47)
ProverQA 54.13 54.07 (-0.06) 53.20 (-0.93) 53.80 (-0.33) 54.73 (+0.60) 55.47 (+1.34)
NSA-LR 49.55 49.09 (-0.46) 49.54 (-0.01) 49.09 (-0.46) 50.45 (+0.90) 50.91 (+1.36)

Naive Ave 52.76 52.47 (-0.29) 52.45 (-0.31) 52.83 (+0.07) 52.82 (+0.06) 54.02 (+1.26)

CoT

ProntoQA 67.60 69.40 (+1.80) 70.60 (+3.00) 71.40 (+3.80) 71.20 (+3.60) 72.00 (+4.40)
ProofWriter 55.16 54.33 (-0.83) 54.00 (-1.16) 56.33 (+1.17) 53.50 (-1.66) 60.71 (+5.55)
FOLIO 66.17 65.68 (-0.49) 63.23 (-2.94) 63.72 (-2.45) 66.67 (+0.50) 65.20 (-0.97)

ProverQA 60.70 55.70 (-5.00) 60.80 (+0.10) 60.70 (-0.00) 61.50 (+0.80) 64.20 (+3.50)
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Table 3: Comparison with recent training-free reasoning
methods on NSA-LR.
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Naïve 60.6 49.8 38.6 49.6
+ NSCT 60.9 (+0.3) 50.2 (+0.4) 41.6 (+3.0) 50.9 (+1.3)
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and He, 2022) (5-hop subset), ProofWriter (Tafjord
et al., 2020) (depth-5, OWA setting), FOLIO (Han
et al., 2022) (full expert-curated split), and
ProverQA (Qi et al., 2025) (1500 examples in total,
1–9 reasoning steps). Detailed benchmark descrip-
tions are provided in Appendix B.1.
Baselines. We evaluate six model variants built
upon Qwen2.5–7B: (1) the original model (Orig.),
(2) a model fine-tuned on ProntoQA data, (3) a
model fine-tuned on ProofWriter data, (4) a model
fine-tuned on FOLIO data, (5) a model fine-tuned
on ProverQA data, and (6) our multi-stage fine-
tuned model (ω→). For each model variant, we com-
pare two prompting baselines: Naive Prompting
and Chain-of-Thought (CoT) (Wei et al., 2022).

4.2 Evaluation Results
Tables 2 and 3 report the evaluation results, from
which we draw three main observations.
(1) Our method outperforms alternative fine-
tuning strategies. Under Naive prompting, ω→ is

the only variant that improves over the Original
model, achieving the best score on every evaluated
dataset with an average gain of (+1.26). In contrast,
single-dataset fine-tuning yields only marginal im-
provements or even degradation, indicating that
LoCM-guided multi-stage training is more effec-
tive at mitigating reasoning collapse. Under CoT
prompting, despite increased reasoning difficulty,
ω
→ again achieves the highest average performance

(+3.95) among all variants. While other methods
exhibit mixed gains or notable drops on specific
datasets, ω→ consistently attains the best or near-
best results.

(2) Our method on NSA-LR generalizes to het-
erogeneous reasoning datasets. Our model ω→,
trained via Neuro-Symbolic Curriculum Tuning on
the NSA-LR dataset, achieves strong performance
on ProntoQA, ProofWriter, FOLIO, and ProverQA,
consistently ranking among the top results. In
contrast, alternative fine-tuning methods that are
optimized on individual datasets exhibit limited
gains on their training datasets and often suffer no-
ticeable performance degradation when evaluated
on other reasoning datasets, failing to generalize
across heterogeneous tasks. These results indicate
that curriculum tuning guided by neuro-symbolic
alignment captures transferable reasoning structure,
enabling performance improvements that extend
beyond the training dataset to diverse logical forms
and complexity regimes. One exception is FOLIO
under CoT prompting, where the improvement is
not maintained; we provide further analysis in Ap-
pendix C.x.

(3) Our method consistently enhances diverse
inference-time reasoning strategies. As shown
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and He, 2022) (5-hop subset), ProofWriter (Tafjord
et al., 2020) (depth-5, OWA setting), FOLIO (Han
et al., 2022) (full expert-curated split), and
ProverQA (Qi et al., 2025) (1500 examples in total,
1–9 reasoning steps). Detailed benchmark descrip-
tions are provided in Appendix B.1.
Baselines. We evaluate six model variants built
upon Qwen2.5–7B: (1) the original model (Orig.),
(2) a model fine-tuned on ProntoQA data, (3) a
model fine-tuned on ProofWriter data, (4) a model
fine-tuned on FOLIO data, (5) a model fine-tuned
on ProverQA data, and (6) our multi-stage fine-
tuned model (ω→). For each model variant, we com-
pare two prompting baselines: Naive Prompting
and Chain-of-Thought (CoT) (Wei et al., 2022).

4.2 Evaluation Results
Tables 2 and 3 report the evaluation results, from
which we draw three main observations.
(1) Our method outperforms alternative fine-
tuning strategies. Under Naive prompting, ω→ is

the only variant that improves over the Original
model, achieving the best score on every evaluated
dataset with an average gain of (+1.26). In contrast,
single-dataset fine-tuning yields only marginal im-
provements or even degradation, indicating that
LoCM-guided multi-stage training is more effec-
tive at mitigating reasoning collapse. Under CoT
prompting, despite increased reasoning difficulty,
ω
→ again achieves the highest average performance

(+3.95) among all variants. While other methods
exhibit mixed gains or notable drops on specific
datasets, ω→ consistently attains the best or near-
best results.

(2) Our method on NSA-LR generalizes to het-
erogeneous reasoning datasets. Our model ω→,
trained via Neuro-Symbolic Curriculum Tuning on
the NSA-LR dataset, achieves strong performance
on ProntoQA, ProofWriter, FOLIO, and ProverQA,
consistently ranking among the top results. In
contrast, alternative fine-tuning methods that are
optimized on individual datasets exhibit limited
gains on their training datasets and often suffer no-
ticeable performance degradation when evaluated
on other reasoning datasets, failing to generalize
across heterogeneous tasks. These results indicate
that curriculum tuning guided by neuro-symbolic
alignment captures transferable reasoning structure,
enabling performance improvements that extend
beyond the training dataset to diverse logical forms
and complexity regimes. One exception is FOLIO
under CoT prompting, where the improvement is
not maintained; we provide further analysis in Ap-
pendix C.x.

(3) Our method consistently enhances diverse
inference-time reasoning strategies. As shown
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which we draw three main observations.
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LoCM-guided multi-stage training is more effec-
tive at mitigating reasoning collapse. Under CoT
prompting, despite increased reasoning difficulty,
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exhibit mixed gains or notable drops on specific
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best results.

(2) Our method on NSA-LR generalizes to het-
erogeneous reasoning datasets. Our model ω→,
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the NSA-LR dataset, achieves strong performance
on ProntoQA, ProofWriter, FOLIO, and ProverQA,
consistently ranking among the top results. In
contrast, alternative fine-tuning methods that are
optimized on individual datasets exhibit limited
gains on their training datasets and often suffer no-
ticeable performance degradation when evaluated
on other reasoning datasets, failing to generalize
across heterogeneous tasks. These results indicate
that curriculum tuning guided by neuro-symbolic
alignment captures transferable reasoning structure,
enabling performance improvements that extend
beyond the training dataset to diverse logical forms
and complexity regimes. One exception is FOLIO
under CoT prompting, where the improvement is
not maintained; we provide further analysis in Ap-
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(3) Our method consistently enhances diverse
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